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Abstract 

We construct the six-dimensional Lagrangian for the massless twisted 
open strings with one end-point ending on a stack of D5 and the other on a 
stack of D9 branes, interacting with the gauge multiplets hving respectively 
on the D5 and D9 branes. It is first obtained by uplifting to six dimensions 
the four-dimensional Lagrangian of the N = 2 hypermultiplet and manifestly 
exhibits an SU{2) symmetry. We show by an explicit calculation that it is 

= 1 super symmetric in six dimensions and then we check various terms of 
this Lagrangian by computing string amplitudes on the disk. Finally, start- 
ing from this Lagrangian and assuming the presence of non-zero magnetic 
fluxes along the extra compact dimensions, we determine the spectrum of the 
Kaluza-Klein states which agrees with the corresponding one obtained from 
string theory in the field theory limit. 
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1 Introduction 

A very powerful aspect of string theory consists in its being able to view different 
field theories as different limits of the same string model. An example of this is 
provided by open strings attached to magnetized D9-branes on the background 
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^3,1 ^ ^ ^ ^Yiis case the spectrum of open strings ending on branes 

with different magnetizations (called in the following twisted open strings) and their 
interaction depends on the difference of magnetizations i>i in the three tori T^. In 
particular, in the limit where the D branes have the same magnetization, i.e. i^i = 
with i = 1,2, 3, the open strings stretched between them are described by the ten 
dimensional JV = 1 super Yang-Mills theory on R^'^ x x x T^. On the other 
hand, by taking Ui = 0, z/2,3 = one has effectively a system of D5/D9 branes 
with different kinds of open strings. There are the open strings attached to two D9 
branes that are again described by the ten-dimensional A/" = 1 super Yang-Mills on 
2^3,1 X X X T^. Then, there are open strings attached to two D5 branes that 
are described by a six-dimensional gauge theory obtained by dimensionally reducing 
the ten-dimensional A/" = 1 super Yang-Mills compactified on i?^'^ x T^. Finally, 
there are the open strings stretched between a D9 and a D5 that are described by 
a six- dimensional theory whose Lagrangian is that of the TV = 1 hypermultiplet in 
six dimensions. 

Therefore, in string theory, one has a complete description of the open strings 
ending on two D branes with different magnetizations [IHS] and it is possible to 
interpolate between the two field theories discussed above by suitably changing the 
magnetization. Magnetized branes allow one to construct semirealistic extensions 
of the Standard Model and therefore it can be very helpful to derive the low- 
energy effective actions of the open strings attached to them. In this perspective, 
if one is not interested in string corrections, it is easier to derive such effective 
actions in a purely field theoretical context rather than to extract them from the 
string amplitudes. In fact, as shown in Refs. [T0HT2] (see also [T3HT7]), for the 
open strings attached to two unmagnetized D9 branes, one can start from A/" = 1 
super Yang-Mills in ten dimensions and, introducing background magnetic fields in 
the extra dimensions, one obtains a description of the twisted open strings in the 
limit a' — )■ 0. It is then natural to expect that, if one starts instead from the low- 
energy effective action describing the open strings attached to a D9 and a D5, and 
introduces background magnetic fields in the extra dimensions, then a description 
of the twisted D5/D9 strings is obtained in the limit a' — ?■ 0. This description is 
T-dual to the one given in Ref. [HI [19]. Naturally, it is expected that the field 
theory description of magnetized branes has to coincide with the stringy one in the 
limit a' — )■ 0. 

In this paper we show that this is indeed the case also for the D5/D9 twisted 
open strings. In order to do that, we need to construct the complete six-dimensional 
action describing the massless D5/D9 twisted open strings attached to unmagne- 
tized D branes interacting with the untwisted ones, corresponding to the gauge 
multiplets living respectively in the world-volume of the D5 and D9 branes. The 
new feature of this action, with respect to A/" = 1 super Yang-Mills, is that, while 
the D5/D9 and D5/D5 open strings live in six dimensions, the D9/D9 live instead 

^See for instance Refs. [IHS] and References therein. 
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in the entire ten dimensional space-time. 

In this paper we construct this six-dimcnsional action by two different meth- 
ods. The first one consists in starting from the four- dimensional Lagrangian of 
the J\f = 2 hypermultiplet interacting with both gauge multiplets living respec- 
tively on the D5 and D9 branes and then by uphfting it to six dimensions. In 
this way we get a six-dimensional theory where not only the fields corresponding 
to the twisted open strings, but also both gauge multiplets living on the D5 and 
D9 branes are six dimensional. This approach is straightforward because the four- 
dimensional Lagrangian for the M = 2 hypermultiplet can be easily constructed 
using a superfield formalism and also its uplift to six dimensions is straightforward. 
A nice and new feature of this six dimensional action is the fact that the SU{2) 
R-symmetry of the original four-dimensional theory is still manifest although only 
an A/" = 1 supersymmetry survives in six dimensions. During the uplift we may, 
in general, lose the original supersymmetry and therefore we also check, through 
a direct calculation, that the six-dimensional action is supersymmetric. In this 
approach, however, the gauge multiplet living on the D9 brane is still treated as 
six- and not as ten-dimensional. Furthermore, the six-dimensional Lagrangian so 
constructed still contains the auxiliary fields of the gauge multiplet living on the 
D9 branes and, in order to eliminate them, we should consider it together with the 
Lagrangian of the D9/D9 open strings. When we eliminate them, by using their 
algebraic equation of motion, we get in the six-dimensional Lagrangian for the open 
strings D5/D9 quartic terms for the twisted scalars. We stress, however, that all 
fields, including those that live in the world-volume of the D9 branes, are treated 
as six-dimensional fields in this field theoretical approach. 

In order to have an independent check of this six-dimensional Lagrangian, we 
construct the vertex operators corresponding to the massless open strings D9/D9, 
D5/D5 and D5/D9 and we use them to derive some of the terms of the D5/D9 and 
D5/D5 Lagrangians by computing string amplitudes. In string theory, however, the 
fields of the gauge multiplet living on the D9 are treated as ten dimensional fields. 
This means that in string theory we are not only able to check the previously con- 
structed six-dimensional Lagrangian, but we can also determine the couplings where 
the fields corresponding to the twisted open strings D5/D9 arc six-dimensional, 
while those corresponding to the open strings D9/D9 are ten-dimensional. In con- 
clusion, by using these two combined methods, we can construct the complete low 
energy six-dimensional Lagrangian for the system D5/D9 and we get various hints 
on how to extend it to a Lagrangian where the fields of the gauge multiplet living 
on the D9 branes are treated as ten-dimensional. 

We face, however, a problem. The uplift of the six-dimensional supersymmetric 
theory to ten dimensions in general does not insure that the uplifted theory still 
remains supersymmetric. This problem may be connected with the fact that, in 
principle in string theory, we should treat all fields, including those living on the 
D5 branc, as ten dimensional fields and that then the six-dimensional action is 
obtained by integrating over their wave function in the four extra dimensions. We 
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do not analyze this problem in this paper and we hope to be able to discuss it in a 
future publication. 

Finally, starting from the complete D5/D9 Lagrangian where the fields living on 
the world- volume of the D5 and D9 branes are respectively six- and ten-dimensional, 
and assuming the presence of non-zero magnetic fluxes along the six extra dimen- 
sions, we determine the spectrum of Kaluza-Klein states and we show that it is 
identical to the one that one gets directly from string theory in the correspond- 
ing field theory limit. This procedure generalizes to the system D5/D9 what has 
already been done for the system D9/D9. 

In conclusion, the most important and new results of this paper are the construc- 
tion of the complete six- dimensional Lagrangian describing the interaction of the 
massless fields, corresponding to the twisted D5/D9 open strings, with the gauge 
multiplets living respectively on the D5 and D9 branes and the proof that, by in- 
troducing in this Lagrangian background magnetic fields, one gets the spectrum 
of Kaluza-Klein states that one obtains from that of the open strings attached to 
magnetized D branes in the field theory limit [a' — ?■ 0). It is also new, as far as we 
know, that the Lagrangian has a manifest SU (2) symmetry that is the remnant of 
the SU{2) R-symmetry of the four- dimensional Lagrangian of the hypermultiplet. 

The paper is organized as follows. In Sect. |2]we give the spectrum of the twisted 
open strings attached to two magnetized D9 branes and we perform two different 
field theory limits. 

In Sect. |3]we construct the six- dimensional Lagrangian describing the interac- 
tion of the massless twisted D5/D9 open strings interacting with the gauge multi- 
plets living respectively on the D5 and D9 branes and in Sect. IHwe show that this 
six- dimensional Lagrangian is supersymmetric. 

Sect. EJis devoted to the construction of the vertex operators associated to all 
massless open strings of the system D5/D9 and Sect. [6] to compute some string 
amplitudes checking some terms of the previously constructed Lagrangians. 

Finally, in Sect. [7] we introduce background magnetizations and we recover the 
spectrum of the Kaluza-Klein excitations that agrees with the one obtained directly 
from string theory in the field theory limit. 

This paper contains also seven Appendices where many technical details are 
presented. In App. |X]we discuss our notations for the spinors in four, six and ten 
dimensions and for the F-matrices used, while in App. [B]we give some more detail 
about magnetized D branes. In Appendices [U]) and [D] we discuss the uplift from 
four to six dimensions respectively for the Lagrangian of the massless open strings 
55 and that of the massless open strings 59 and in App. [E]we consider the uplift 
from six to ten dimensions of the Lagrangian describing the massless open strings 
99. In App. [F]we show in detail that the six-dimensional Lagrangian for the strings 
59 is supersymmetric. Finally, in App. O we compute some correlators in string 
theory to have an independent check of the various Lagrangians. 
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2 Open strings attached to magnetized D branes 
and the field theory hmit 



In Sect. 12.11 we give the spectrum of open strings attached to two magnetized D 
branes having different magnetizations and we perform two kinds of field theory 
hmits. The first one, presented in Sect. \2.2\ provides the spectrum of open strings 
attached to two magnetized D9 branes, while the other, presented in Sect. \2.3\ 
gives the spectrum of open strings attached to a D9 and a D5 brane, both in the 
limit a' — )■ 0. 



2.1 Open string spectrum for magnetized D branes 



The spectrum of open strings attached to two magnetized D9 branes living on 



a' 



r=l r=l 

where x = 1{0) for the NS (R) sector, the number operators 



N 



X 



71=1 



71 = 1- 



(2) 



contain the harmonic oscillators along the non-compact directions, while the number 
operators 



N? = J2\^'' + ^r)0^ntAlu. + (n + 1 - Ur)ai 



(3) 



ra=0 



correspond to the contribution of the oscillators along the three tori T^. 

Let us denote by a and h the two D9 branes with different magnetization. Their 
magnetization is encoded in the quantities i^r"^ and Vr^^ (r = 1, 2, 3) along the three 
tori that are given by: 

tanvr.(-^) = ^$k^ ; - (5) 
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where is the physical volume of the r-th torus, while 1^^'*^^^ and ^ire re- 

spectively the integer magnetic flux and the number of times that the D brane is 
"wrapped" on the r-th torus. They are related to the Chern class by: 



(r) 

(a,b) V ^^^^'/ _ jir) 



-2. -^K. 

The quantity that gives the shift in the frequency of the oscillators is given by 

= pI"'^ - Ui"^ (7) 

corresponding to the difference of the magnetizations of the two D branes along the 
three tori. 

The previous expressions for the number operators in the six compact directions 
are valid for < z/j. < |. They can be extended to the interval — | < t'r < | that 
is the natural range for the NS sector. In this range the first equation in 
shows that tanvri/r varies monotonically from — oo to +oo. When z/^ is negative 
the number operators along the compactified directions change their form in terms 
of the harmonic oscillators. In particular, the number operators for the fermionic 
coordinate of the NS sector are left unchanged, while in those for the fermionic 
coordinate in the R sector and for the bosonic coordinate we have to exchange \l/ 
with ^ and a with a. This is explained in detail in Appendix [Bl Here we limit 
ourselves to give the mass spectrum of open strings to include both the case of 
positive and negative Ur- One gets: 



m2 = 1 

a' 



r=l r=l 



where the number operators Aff and Af^ are defined above if Ur is positive, while 
they are given in Appendix |B] when z/^ is negative. 

Having introduced different magnetizations on the two D branes, the previous 
formula describes both the spectrum of open strings ending on two magnetized D9 
branes and the spectrum of the open strings with one end-point on a magnetized 
D9 and the other end-point attached to a magnetized D5 brane. All this is true 
in string theory. The situation changes when we take the field theory limit that 
consists in sending a' — 0, while keeping the physical volume V^a of the torus 

fixed. In the following two subsections we take two different field theory limits 
corresponding to open string excitations attached to two D9 branes or to a D9 and 
a D5 brane. 

2.2 Field theory limit for D9/D9 

In the case of two D9 branes, as it can be seen from Eq. (|5]), the field theory limit as 
defined above corresponds to values of z/^ proportional to a'. The states left in this 
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limit are those for which the factor a' in the denominator of Eq. ([T]) is cancelled by 
a similar factor in the numerator. This happens for the following states in the NS 
sector: 



2,3. 



1,2,3 



(9) 



For the scalar states in the first line of the previous equation the upper (lower) sign 
is valid if u,. > 0(1/^ < 0). We work in the light-cone gauge and therefore the index i 
runs over the transverse directions 2 and 3. The mass of the previous eight physical 
states is given respectively by: 



1 ^ 



Z/J ± IVr 



1,2,3 



a'M? 



1 ^ 



2,3. 



(10) 



They become all massless in the limit of — ^ reproducing the eight on-shell 
components of a massless gauge field. By using Eq. ([5]) it is easy to see that their 
mass remains finite in the field theory limit and is equal to |20] : 



2tt 



Ei^. 

s=l 



,s=l s 

2% 



±2^ 



'ab I 
Vt2 



1,2,3 



ab 



where 



fir) 



If, I la 



(r) (r) 

rva nl 



(12) 



We have a massless scalar if there is a value of r for which one of the previous 
masses is zero. 

They are not, however, the only states that survive in the field theory limit. 
We can also include an additional bosonic oscillator that we call a^"^^ and that 
corresponds to ai^? or to (iuj depending on the sign of z/^. By including these extra 
excitations one finally gets the complete field theoretical result: 



Mi = 2tt 



3 

E 

.5=1 

3 



_i^(2iv(') + 1) ±2^ 

Vt2 



(^)| 

ab I 



1,2,3 



s=l 



27r^i^(2A^(^) + 1) ; i = 2, 3 



(13) 
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where A^*^^^ = a^^^'^a^^^ is the oscillator number. 

The fermionic mass spectrum of the limiting field theory can be easily obtained 
from the R sector proceeding as in the NS sector and it results to be: 

M2 = 47r V il^(Ar(^) + Nf^) (14) 

where A^j^'' = 6(*)t5(s) jg i^j^e oscillator number corresponding to the fermionic oscil- 
lators "^ly^ or depending on the sign of Ug. The lowest state is the vacuum that, 
because of the GSO projection, is a four-dimensional chiral spinor. 

The mass spectrum obtained in the field theory limit agrees completely, as al- 
ready noticed in Ref . |20] , with the spectrum of states found in Refs. [10] and [12] 
starting from the ten-dimensional JV = 1 super Yang-Mills after the introduction 
of background magnetic fields in the six extra dimensions. 



2.3 Field theory limit for D5/D9 

In this subsection we perform a different field theory limit that gives the spectrum 
of open strings attached to a D5 and a D9 in the limit a' — )■ 0. If we assume that 
the world-volume of the D5 branes is along the four non-compact dimensions and 
along the first torus T2^\ then, requiring that z/^ lies in the interval between — | 
and ^ implies the following three values of Uj. in the mass formula: 



,^ _ (5) (9) 



^2,3 



2 ^^2,3 



(9) 



— ^ — Z/, 



(9) 
2,3 



if 



4<0 



(15) 



By inserting the previous expressions in Eq. (jH]) one gets: 



a' 



N- 



X 



r=l 



(9) I 



(9) 



(16) 



where and A^'^ are given in Eqs. (E]), Nf is given in Eqs. fll09p and flllOp with 
analogous expressions for Nf in the Ramond sector, while for the NS sector Nf 
is given in Eq. (jl]) that is valid in the entire interval — | < z^i < |. The number 
operators for the second and third torus are listed in Appendix [B] 

We want now to perform the field theory limit taking care of Eq. ([5]). Let us 
start from the NS sector. In the field theory limit we are left with the following 
mass formula: 



= — 
a' 



(iv<') + i) + l4"l(^]vf -1 



I I (9) I 



A^ 



(3) 



1 



(17) 
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where 



if z/i > 



iV(i) = a^:>']a\:>, if z/1 < 



n: 



n: 



(2,3) _ ^(2,3)t^(2,3) .r (9) ^ 
/ - ^,,(9) ^,/9) " ^2,3 ^ U 

(2,3) _ ^(2,3)t^(2,3) .r (9) . 



(19) 



In the foUowing, for simphfying the notation, we name and Nf'^^ = 

^2 3^2,3- Therefore, the following four states survive in the field theory limit. Two 
of them have an odd number of fermions: 

(at)-4|0) ; (a 

with a mass given respectively by: 



bl\0) 



1 



a' 



^1 



m H — ± - 
2/ 2 



,(9) I 



^2 \- l'^3 



(9) 



(20) 



The other two states have an even number of fermions: 



|0) 



blblio) 



(21) 



with a mass given respectively by: 

1 



a' 



Ull [171 + 



,(9) I 



(9) 



(22) 



By performing the field theory limit through Eq. (|5]) we can group together the two 
expressions in Eqs. (120|) and (l22l) respectively as follows: 



M, 



27r 



(27rv^)^ 



'59 I 



(1) 



(2iV(i) + 1) ± 



r(2)i 



r(3)| 



t(2)„(2) 

J. 9 Jin 



T(3)„(3) 

-t 9 "-Q 



(23) 



and 



^^^OGSO 



27r 
(27rv^)' 



|j(i) 
I -'59 



(2Ar(i) + 1) ± 



r(2)| 



r(3)| 



t(2)„(2) 



+ 



T(3)„(3) 
J 2 '^9 



(24) 



The mass spectrum in Eq. ( l23l) corresponds to the one obtained by means of the 
usual GSO projection, while the spectrum in Eq. ( IMl) corresponds to the one with 
the opposite GSO projection which keeps the states written in Eq. fl2T]) . 
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The previous analysis can be easily extended to the R sector. In this case the 
mass spectrum, in the field theory limit, is given by: 



1 

a' 



ui\a^a+\ui\blbi . (25) 



The lowest state, the vacuum, is a four-dimensional massless spinor because the 
presence of the magnetization in the first torus and the Neumann-Dirichlet bound- 
ary conditions on the other two tori allow fermionic zero modes only along the 
four non-compact directions. The first excited level is obtained by applying on 
this vacuum the fermionic creation operator b\. Two towers of Kaluza-Klein states 
are generated by acting on these two fermionic states with the bosonic creation 
operators: 



(at)™|0) ; (at)'"6l|0) ; m = 0, 1 . . . (26) 



These two towers differ by the number of fermionic oscillators, having respectively 
an even and an odd number of such operators and their masses are: 

277 1/(^^1 277 1/(^^1 

f^ii^2iV« ; M| = f^^(2iV« + 2) (27) 

' (277^^)2 T^'^ ' (277^^)2 ^ ^ y V ; 



where we have used Eq.([5]). 

In order to have a consistent string model the GSO projection has to be imposed. 
The standard GSO projection selects, in the NS sector, states with an odd number 
of fermionic oscillators, while in the R sector fixes the chirality of the vacuum. In 
particular, the vacuum becomes a chiral massless state. The remaining states of the 
two towers have in pair the same mass but opposite chirality. They can be combined 
together to form a single tower of Kaluza-Klein Dirac fermions. Supersymmetry is 
achieved if the following condition is imposed: 

|.,| = |.f|-|.f|. (28) 

In this case the states in Eq. f l20|) have, respectively, the following masses: 

1 1 

= — {m + 1)] ; M^ = —\ui\m (29) 
a' a' 

which coincide with the ones of the R sector in Eq. fl26l) . 

One gets the same conclusion by imposing, instead of the condition in Eq. fl28|) . 
the following one: 

|.,| = |.f|-|.f|. (30) 
The masses of the states in Eq. fl29l) are just exchanged. 
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It is also interesting to notice that, considering both in the NS and R-sector the 
opposite GSO condition, we have Bose-Fermi degeneracy if the following condition 
is imposed: 

\.A = \.f\+\.r\. (31) 

In the untwisted sector of the theory the opposite GSO projection is never taken 
in consideration because, in absence of magnetic fluxes, it does not project out the 
tachyon and, therefore, leads to inconsistent string models. In the unmagnetized 
twisted D5/D9 open string sector, instead, the tachyon is not present in the spec- 
trum and both GSO projections give a supersymmetric spectrum. Therefore, from 
this point of view both projections are allowed. This is an interesting aspect of the 
D5/D9 twisted sector and should be further analyzed. 

So far we have derived the spectrum of the open strings D5/D9 that one obtains 
from string theory in the field theory limit. Can the same spectrum be obtained 
directly from a field theoretical calculation? In the case of the strings D9/D9 it has 
been shown [TOllIHISO] that it follows from the low-energy effective action for the 
massless open strings D9/D9 that is M = 1 super Yang-Mills. Therefore, in this 
case, we expect that the spectrum obtained above from string theory can also be 
obtained from the low-energy effective Lagrangian for the massless D5/D9 strings. 
That is the reason why we are going now to construct this Lagrangian. 



3 Lagrangians for the open strings 99, 55 and 59 

In this section we construct the six-dimensional Lagrangian describing the massless 
open strings attached to a stack of D9 and a stack of D5 branes interacting with 
the gauge multiplets living respectively on the D5 and the D9 branes. As shown in 
Appendix |Dl we start from the four-dimensional Lagrangian describing the Af = 2 
hypermultiplet interacting with the gauge multiplets and we uplift it to six dimen- 
sions by explicitly keeping the original SU{2) R-symmetry of the four- dimensional 
Lagrangian. This may seem strange at the first sight because the six- dimensional 
Lagrangian has only an A/" = 1 supersymmetry, but string calculations, which will 
be discussed later, confirm that such a symmetry is indeed present in six dimen- 
sions. It turns out that one can keep an SU{2) symmetry provided that some of 
the fields as the gaugino that are SU{2) doublets satisfy some constraints. 

In this way we get a Lagrangian in which all fields, including those living on the 
D9 branes, are six dimensional. On the other hand, the Lagrangian so constructed 
still contains the auxiliary fields of the gauge multiplet living on the D9 branes. 
In order to eliminate them we have to consider the Lagrangian of the open strings 
D5/D9 together with that of the open strings D9/D9. The elimination of the 
auxiliary fields living on the D9 branes generates, in the Lagrangian for the strings 
59, a four-scalar interaction involving the twisted scalar of the hypermultiplet and 
a trilinear term containing two twisted scalar fields and the field strength of the 
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gauge field living on the D9 branes. After eliminating the auxiliary fields, we can 
finally uplift to ten dimensions that part of the Lagrangian containing the gauge 
multiplet on the D9 branes. 

The six-dimensional Lagrangian of the M = 2 gauge multiplet living on a stack 
of D5 branes is derived in Appendix O and is given by: 



55 



2Tr 



2Tr 



1^(5)^(5) 

fiu flu ' 2 



'E(^S5)^-^Af)™f(A0(^) 



a=l 

{Df{Z^r)'{Df{Z^Y) + g,zf Y.^V%r%{Z^^y 

c=l 

3 



c=l 



+ iV2g,h ([^r(5),Z^5)]e,,(A(5))^ - Af [vi/(5),zf ]6^^-) 



(32) 



where h = ±1, the indices i,j label the SU{2) symmetry and are lowered and 
raised by means of the e tensor as described in Appendix |Al The trace is over 
the fundamental matrices of the group [/(iVs). In the previous Lagrangian the six- 
dimensional gaugino is described by an SU{2) doublet A* subject, in our notation, 
to the symplectic Majorana condition [21] 



acei 



(33) 



where a = ±1 and c is a phase factor. Bq is the operator which relates the six- 
dimensional Dirac- matrices r(6) with their complex cojugates |22]. More details 
on the properties of such operator are given in appendix |X] and its relation with 



the r(6)'s is: B^ 



(6)-L (6)- 



The constraint in Eq. f l33|) reduces by one half the 
number of independent fermions giving, as expected, the correct number of degrees 
of freedom for a gaugino. 

Before proceeding further, let us discuss the three factors a, c, b equal to ±1 
that appear in the Lagrangian (132|) and in the constraint for the gaugino in Eq. 
( I137p . The six- dimensional fermions A*^^) and come from a Weyl-Majorana 
ten-dimensional spinor that satisfies Eq. ( 199|1 and this implies that they satisfy 
Eqs. 



1103p . As a consequence, we get a factor of b in the last two terms of Eq. (1321) . 
In the string calculations we have taken the ten-dimensional spinor to be anti-chiral 
(6 = 1), but here in the field-theoretical formulation we leave b to be arbitrary. 
The two other factors c and a appear respectively in the definition of Bq in Eq. 
f llOip and in Eq. fll02p . For the sake of simplicity, we will take them to be equal to 
a = c = 1. 

The six-dimensional Lagrangian in Eq. ( I32l) is obtained by dimensional reduc- 
tion from = 1 super Yang-Mills in ten dimension and should be invariant under 
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the R-symmetry group S'0(4) = SU{2) x SU{2). Since, however, only one of the 
two SU{2) is maintained in the Lagrangian for the strings D5/D9, we write it in a 
form that shows only a manifest invariance under this SU{2). 

In Appendix [D] we also construct the six- dimensional Lagrangian corresponding 
to the uplift of the M = 2 hypermultiplet from four to six dimension. It is given in 
Eq. (11641) . When we include both the gauge theory living on the D5 and that on 
the D9 branes we get the following six- dimensional Lagrangian: 



£59 = 6^^p^^.)\(Z^S)"«-^?5<I](r^)^(^, 



c=l 



c=l 



- y/2g^ih 



(34) 



where wj = {w^^ and gg is the gauge coupling constant of the gauge theory living 
on the D9 branes properly rescaled with the volume factors in order to have the 
same dimension as g^: 



9l 



9l 



(27r^ 



/^)2 Ti^) 



(3) 



(35) 



and 



d,wl^ + igMfYbw"^ - i~gMf)\wl^ 
d,wl - ig,{Af)\wl + z^9(i(f))\< 



(36) 



Here, T2 



(2,3) 



are the imaginary part of the Kahler moduli of the two tori associated 
to the directions 6 ... 9. We have put a hat on the fields living on the D9 to 
remember that they are six- dimensional. The previous Lagrangian has a manifest 
SU{2) symmetry that is the remnant of the SU{2) R-symmetry of the Lagrangian 
of the hypermultiplet in four dimensions. We are able to keep it in six dimensions 
imposing the constraint in Eq. ( 133|) that eliminates the redundant components of 
the gaugino. 

The Lagrangian in Eq. f l5^ has been obtained by uplifting to six dimensions 
a four-dimensional M = 2 supersymmetric Lagrangian. Although the original La- 
grangian was supersymmetric, it is not clear that the uplifted Lagrangian is still 
supersymmetric as the original one. In Sect. H] we show, with an explicit cal- 
culation, that indeed the uplifted Lagrangian has the same amount of conserved 
supersymmetry charges as the original four-dimensional one. 
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Finally, we have also the six- dimensional Lagrangian of the fields living on the 
D9 branes: 



Cm = 2Tr 



4 

c=l 



m,=6 

+ ^V2~g,b (^[^^'\ Z(^)^]6.,(A(9))^ - A^P[¥'\ zf^^^^ . (37) 
The trace is over the fundamental matrices of the group U {Ng) and ?7rmf 

the 't 

Hooft symbols defined in Eq. ffT22D [23]. 

It is important to stress that each of the three previous Lagrangians is supersym- 
metric independently from the others. In particular, the Lagrangians of the open 
strings 55 and 99 are invariant under 16 supercharges, while that of the strings 
59 is invariant under 8 supercharges. They still contain the auxiliary fields of the 
gauge multiplets. In the following we will eliminate them by using their equation 
of motion obtaining a complete Lagrangian for the strings 59 and a Lagrangian for 
the strings 99 that can be uplifted from six to ten dimensions. 

Let us consider the terms in Eqs. (IMIl and (1371) that contain the auxiliary field 
'D^^\ They are: 

3 3 



c=l c=l 
3 

+ ^9<5^(r%(^S5)'^<^'- (38) 

c=l 

The equation of motion for P*^^) is given by: 

(^Ss)^ = I (-^9<(r'=)^.< - ^~g9Vic+5)^n {[A^^\ (39) 
which, inserted back in Eq. (155]) . yields: 

c=l 

3 

-I ~9i < E(^')^■^(^+5)™n {[At\ if]) \ 

c=l " 

1 ^ 

- 4 ^9 E <(^'=)^•<^■<6(^^)'rf • (40) 



c=l 
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The last two terms of the previous equation go into the Lagrangian of the strings 
59 that becomes: 



£59 = ^KDf.w,)l{D^w,)l-g,wlY^{Ty^{V%)\w'^ 

c=l 



c=l 



3 



W. 



(41) 



c=l 



This Lagrangian is six- dimensional and also the fields of the gauge multiplet living 
on the D9 branes are six- dimensional fields. In the Lagrangian for the strings 55 and 
the one for the strings 59 there is still an auxiliary field living on the world- volume 
of the D5 branes. By eliminating it one gets additional quartic terms involving the 
fields w and Z. 

The first term in the right-hand side of Eq. (l40l) goes instead together with the 
others terms in Eq. (l37j) to give: 



99 



2Tr 



c=l 



(9) 



m=6 



+ tV2g,b ( (Z(^))^]e.,(A(^))^ - Af\¥'\ zf^^ 



(42) 



This Lagrangian can be uplifted from six to ten dimensions. This is easy to perform 
for the purely bosonic part of the action, while it requires some attention for the 
fermionic part. The point is that the six-dimensional gaugino is an SU(2) doublet 
and in A/" = 1 SYM in ten dimensions that symmetry is lacking. The presence of 
such a doublet is a consequence of the ten-dimensional Majorana-Weyl condition, as 
it is explained in Appendix O In this Appendix it is also shown that the uplifting 
from six to ten dimensions yields A/" = 1 SYM: 



99 



2Tr 



1 

4" 



---t'MN't' — -Ai L>mA 



(43) 



In Appendices O and [D] the Lagrangians (!32| [341 |42]) have been obtained by up- 
lifting four-dimensional supersymmetric Lagrangians to six dimensions. While the 
uplift to ten dimensions for the strings D9/D9 is straightforward and gives rise to 
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a Lagrangian that is supersymmetric in ten dimensions, this is not quite so for 
the strings D5/D9. The reason is that, while the fields corresponding to the open 
strings D5/D9 and D5/D5 are six-dimensional, those living on the D9 branes are 
ten-dimensional. In order to get an intuition on how this is going to work, in Sect. 
[5] we will go back to string theory that treats the fields living on the D9 branes 
as ten-dimensional, and we compute various terms of the D5/D9 action, checking, 
on the one hand, the previously constructed Lagrangian and seeing, on the other 
hand, how the ten-dimensional fields appear in it. 



Supersymmetry invariance of the action for the 
strings D5/D9 



The six-dimensional Lagrangian in Eq. ( iMll . describing the interaction of the mass- 
less open strings stretched between the D9 and the D5-branes (twisted-matter) 
with the gauge multiplets living respectively on the D5 and D9 branes, has been 
obtained from the four-dimensional supersymmetric M = 2 Lagrangian of the hy- 
permultiplet. It is expected to preserve M = 1 supersymmetry in six dimensions. 
The uplifting procedure, however, in general does not generate all the terms of 
the six-dimensional theory; for example it does not give terms depending on the 
derivative with respect to the compact dimensions. The requirement of the gauge 
invariance allows one to obtain many of the missing terms but it does not ensure, in 
general, that the uplifted action is complete. The explicit proof of the invariance of 
the six-dimensional uplifted theory under M = 1 supersymmetry transformations, 
which we are going now to discuss, is a strong check that the uplifted Lagrangian 
is correct. 

The six- dimensional Lagrangians for the massless D5/D5 and D9/D9 open 
strings contain a gauge multiplet and a hypermultiplet, transforming in the adjoint 
representation of the gauge group, and are invariant under Af = 2 supersymmetry, 
while that of the twisted matter coupled to the two previous gauge multiplets pre- 
serves only half of the previous supersymmetry and is therefore only invariant under 
A/" = 1 supersymmetry. For the sake of simplicity, in the analysis of this section we 
neglect the gauge multiplet living on the D9 branes, that, however, can be trivially 
included. The TV = 1 supersymmetry transformations of the gauge multiplet can 
be found from the requirement that they leave invariant the first line of Eq. 
corresponding to the Lagrangian of a A/" = 1 gauge multiplet in six dimensions 
given by: 



(44) 



It is easy to see that the following supersymmetry transformations leave the previous 
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action invariant: 

5V^ = \{t'^Y^ [Dj^kiV^e^ + e^Vf'Dp.k^) (45) 

where T^^ = ^[T^, T"] and = V'^ir'^Yy The parameters of the supersymmetry 
transformations e* are two six- dimensional spinors having, for consistency with Eqs. 
(11771) . the same chirahty as the gaugino and, as the gaugino, they have to satisfy 
Eq. (I104p . More details about the properties satisfied by the e"s can be found in 
Appendix [Fl We are not going to show here explicitly that the action in Eq. f l44p 
is invariant under the transformations in Eq. fll77p . but we refer to Ref. [21] where 
the proof has been given. For more details see also Sect. 9 of Ref. [25]. There 
is, however, a slight difference with the action and the transformations given in 
Ref. [21] , namely the presence of the auxiliary fields V'^. In Appendix |F] we show 
that the extra terms coming from the presence of the auxiliary fields, also give rise 
to a total derivative that leave the action invariant. 

Having determined the supersymmetry transformations of the fields of the gauge 
multiplet, we are going now to study the supersymmetry invariance of the La- 
grangian for the twisted strings D5/D9 given in Eq. flM]) without including, for the 
sake of simplicity, the gauge multiplet living on the D9 branes. The Lagrangian is 
equal to: 



c=l 



+ V2gih [jia{k')\e,,{w^f + {w,)ae'^{k,)\^Y'\ . (46) 

In Appendix |F] we show that it transforms as a total derivative under the action 
of the transformations in Eq. fll77p that act on the fields of the gauge multiplet, 
together with the following supersymmetry transformations acting on the twisted 
fields: 

dw"" = -y/2he'^ej^f ; (J/i'^ = -i ^2 6 rVe,j(D^w^y. (47) 

These transformations are similar to the ones involving the hypermultiplets in Ref. 
|26] with the main difference that they preserve TV = 1 in six dimensions instead 
of TV = 2 in five dimensions. The doubling of the susy parameters, constrained 
by Eq. ( I18ip . is necessary to manifestly keep the SU(2) invariance of the action. 
The proof of the supersymmetric invariance of the twisted Lagrangian is long and 
tedious. The details are again given in Appendix [Fl Here we quote just the final 
result of the supersymmetry transformations given by: 

+ gw,ae"' (efcr^(Ar, + (A,)'^,r'^e^) e,kw''} . (48) 

In conclusion, we have shown that the Lagrangian for the open strings D5/D9 is 
invariant under the supersymmetry transformations given in Eqs. (H5ll and ( H71) . 
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5 Vertex operators for open strings 99, 55 and 59 



In this section we write the vertex operators of the massless open string states in 
the system D5/D9. We have three kinds of open strings: those with the two end- 
points attached to a system of Ng parallel D9 branes, those with the two end-points 
attached to a system of parallel D5 branes and the mixed open strings having 
one end-point attached to a D9 brane and the other end-point attached to a D5 
brane. All the following vertices are in a one-to-one correspondence with those 
written in Ref [27j due to the T-duality between the system D9 /D5 and the system 
D3/D(-l) discussed in that paper. The main difference consists in the momentum 
dependence in all sectors of our vertices and in the SU (2) structure that is manifest 
in the expression of the string vertex operators. 



5.1 D9/D9 open strings 

The massless fields living on the system of Ng D9 branes consist in a gauge field 
{Af^)'^{x'^,y"^) and a ten-dimensional Majorana-Weyl spinor with negative chi- 
rality | (A^]^)" {x'^,y"^). All the fields carry a ten-dimensional momentum with 
kuk'^^ = and their vertex operators are: 

(49) 

for the gauge field in the picture (—1) and 



(50) 



in the picture 0. For both of them the trasversality condition kj^A^ = holds. 
Here M, = 0, . . . 9; ^ = 1, ... 16 and m, f = 1, . . . A^g are the indices of the gauge 
group U{Ng) living on the set of the A'g D9 branes. 
The vertex for the gaugino is: 



Vj^~y^\z) = (79(W)t {A'^^^)^{kM) e-^^(^) S-^{z) '^^^^^'^^^ . (51) 

The presence of the D5 branes breaks the original ten-dimensional Lorentz group 
S0{1, 9) into 5*0(1, 5) 5*0(4). Hence, it is convenient to split the ten-dimensional 
Weyl index A as follows 

gA ^ ^s^s'^, 5^5„) (52) 



■^This is a consequence of the fact that we have chosen the GSO projection in the ten- 
dimensional II B string theory such as to keep spinors with negative chirahty. 
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where the upper (lower) index A is the one of a Weyl spinor in six dimensions with 
positive (negative) chirahty and similarly a (a) is the index of a four-dimensional 
Weyl spinor with positive (negative) chirality. Introducing the decomposition (|52l) 
in the vertex in Eq. (ISTll . one gets: 

Vl^~f\z) = V2gg{na')^ (Afj'^ikM) e'^-^^^) S^{z)S''{z) e'"^ HiX^i-) (53) 

The latter expression has an index a that for simplicity, in the previous section, 
we have denoted by the indices i and j, and that corresponds to the SU{2) sym- 
metry previously discussed. In string theory the role of the internal symmetry is 
thus played by one of the two SU{2) factors of the 5*0(4) group associated to the 
directions 6. . . 9. 

The normalization factor of the vertex operator in Eq. fl53!) has been determined 
by requiring that the three-point function computed in string theory and involving 
two gauginos and a gauge field agrees with the corresponding coupling in field 
theory. In particular, the factor \/2 in Eq. ( l53l) is a direct consequence of the 
constraint for the gaugino field in Eq. (1331) . 

In principle one should also introduce a vertex for the field Aj besides the one for 
A*, but in this case this is not necessary because the two fields are not independent 
being related by the symplectic Majorana condition. 

The last vertex coming from the decomposition of the ten-dimensional spinor is: 

K^;fi(z) = v^^79(W)i (^^"):(fcM) e-^^(^) S^{z)S^{z) '^M^'^^) (54) 

which again contains an SU (2)-doublet corresponding to the SU (2) that is a sym- 
metry of the Lagrangian of the open strings D5/D5, but not of the Lagrangian of the 
open strings D5/D9. In the six-dimensional Lagrangian of the open strings D5/D5 
in Eq. ( l32l) such a doublet is, however, missing because this SU{2) symmetry is 
not manifestly realized and we have a field \E' instead of a doublet. It turns out 
that the vertex operator corresponding to this field is given in Eq. fl5^ where the 
six- dimensional spinor is taken to be: 

={X) ^^^^ 

Notice that the ten-dimensional spinor index is dimensionally reduced, but the 
four-momentum of the vertices is still ten-dimensional. 

5.2 D5/D5 open strings 

The vertex operators corresponding to open strings of the gauge multiplet living 
on the D5 branes are obtained through a trivial dimensional reduction from those 
living on a D9 brane. They are a gauge field {A^^^)'^{x^) (with /i, z> = 0, . . . 5 and a, b 
running over the number of D5 branes, namely a,b = 1, . . . N^), four real scalars 
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(0m'')b (2;'^), a couple of six-dimensional Weyl spinors (A(^)^'^)^(x^) with positive 
six-dimensional chirality and a couple of six- dimensional Weyl spinors (\l/^^)^(a;'^) 
with negative six-dimensional chirality. The components of the latter spinor are 
given as in Eq. (^^. 

The corresponding vertex operators, carrying a six-dimensional momentum with 
= 0, are: 



for the gauge field in picture (—1), 

V^i,{z) = t{27raf2g^(Afrb{k) hx^{z) + t{27ra')h,r{z) Viz) 



W W.Ar^^ ki,X''(z) 



(56) 



X e 



iV'2na'kj^X'^{z) 



(57) 



for the gauge field in the picture 0, and for both of them the transversality condition 
For the scalars in the picture (—1) we have: 



V 



(-1) 

,(5) 



(5J 



while for the scalars in the picture we have: 

V% = z^?5(2W)i(0(^))^(fc,) hx"^{z) +z{27ra')h,r {z),ij'-{z) 



X e 



iV2^kt>X''(z) 



(59) 



The vertex for the gaugino with negative six- dimensional chirality is: 



V;(5) (z) = V2g,{na')i (Ajl)^(fcA) e'^'^^^^ S^{z)S^{z) 



Aa 



(60) 



and for which has the same SU{2) structure given in Eq. (155|) . we have: 



xJ,{5)Ao 



V2gr,{T,a')i {{¥''Y'')l{ki,) e^^^^^) S^{z)S^{z) ^oX^^z) ^ (g^^ 



Finally, we add also the vertex operator of the auxiliary fields whose introduction 
is convenient for computing only the cubic couplings instead of the more difficult 
quart ic ones: 



V!i\^ = z(7r«0^?5(^^25)?Ct^^"^^"e-'^(^)e^^'=A^'^(^) 



(62) 



where c = 1,2,3; m,n = 6, 7, 8, 9. 
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5.3 L>9/L>5 and L>5/L>9 open strings 

In the system D5/D9, along the four directions of the last two tori, there are Ra- 
mond (Neveu-Schwarz) boundary conditions in the NS (R) sector. This means that 
the massless state of the NS sector is an 5*0(4) spinor. Due to the GSO projection 
it is a chiral spinor, Wa- In the R sector, the massless state is a 5*0(6) spinor that, 
because again of the GSO projection, is a chiral spinor in six dimensions: the four 
non-compact directions and the two compact ones belonging to the first torus. In 
conclusion, the massless D9/D5 sector contains a doublet of scalars {wa)u{x) under 
SU{2) and a six- dimensional Weyl spinor (/i^)"(x). 
Their vertex operators are [27] : 

Vi'^'\z) = g5{7ra')Hfi\ik) A(^)5^(^) e'^/V^^A^'^^) (63) 

where A is the twist operator with conformal weight 1/4 which changes the bound- 
ary conditions of the four compact coordinates from Neumann to Dirichlet. /c^ is 
the six- dimensional momentum. The vertex operators in Eq. (!63|) describe the 
strings D9/D5. The strings D5/D9 are described instead by: 

Vt'\^) = 9,{^a')Hw^TSk) A(^)5°(^)e-^(^)e^-^'=A^'(^) 
V^~'^\z) = g5{7ra)Hj2^)^{k) A(z)5^(z) e-'^^V^^^'^^''^^) (64) 

with A{z) replaced by the anti-twist ^{z) operator, corresponding to DN (instead 
of ND) boundary conditions along the directions orthogonal to the world-sheet of 
the D5 brane. The upper index in brackets of each vertex denotes, as usual, the 
corresponding picture. All previous states transform according to the bifundamental 
of the group U{Ng) x [/(A^g). 

6 Computing string amplitudes 

Having identified the massless states of the three open string sectors and their 
vertex operators, we can now perform string disk calculations in order to determine 
the various terms of their low-energy Lagrangian. This approach is complementary 
to that presented in Sect. [3], where we have constructed the supersymmetric 
low-energy Lagrangians in six dimensions by uplifting to six dimensions the four- 
dimensional ones. 

The calculation of various three-point couplings provides an additional check of 
the six-dimensional Lagrangians already derived in Sect. [3]. An example of this is 
the coupling of two adjoint fermions and a gauge boson living on the D5 branes. 
This coupling has been computed in Eq. (12081) and agrees with the one in Eq. 
(!32l) . Other three-point couplings can also be easily computed and one can see that 
they reproduce the various trilinear couplings of the Lagrangian in Eq. (l32i) . In 
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particular, one can use the vertex operator of the auxihary fields to determine also 
their couplings with the propagating fields. In this way all trilinear couplings can 
be computed. The quartic terms present in the Lagrangian ( !32l) can be obtained 
from the cubic one by gauge invariance. In this way one can derive the three 
six-dimensional Lagrangians for the strings D5/D5, D9/D9 and D5/D9. 

On the other hand, string theory treats the fields of the gauge multiplet living on 
the D9 branes as ten-dimensional and therefore one can determine their couplings 
with the twisted fields living on the D5 branes. In this way one can obtain a six- 
dimensional Lagrangian for the massless open strings D5/D9 interacting with the 
gauge multiplet living on the D9 branes, where the latter fields are ten-dimensional 
and not six-dimensional as in Eq. 

Examples are provided by the three-point amplitudes involving a twisted scalar, 
a twisted fermion and a D5/D9 or D5/D5 gaugino. These are computed in Ap- 
pendix O Particularly interesting is the three-point amplitude involving two 
twisted scalar fields w and w and a gauge boson living on the D9 branes, given 
by: 

j^.A^> = C,j '-^^^^^m^^^^ (65) 

where Cq is the normalization of the disk which is related to the five dimensional 
gauge coupling through the relation Co = 5'^^(7ra')~^ and dV is the projective 
invariant Mobius volume. This amplitude, which can be read from Eq. (l227p . is 
given by: 

-i {{A^i^m^, yo)kn - {Af^m^, yo)k„^) (a"'")^^! (66) 

where yo is the position of the D5-branes in the last two tori. The first term of the 
previous equation reproduces the coupling of the twisted scalars with the D9 gauge 
fields that can be read from the first term of the Eq. fHT]) . Having computed a 
three point coupling implies that the second term contains only the derivative part 
of the gauge field strength living on the D9 branes. It can be easily made gauge 
invariant by adding the term with the commutator obtaining: 

3 

Af^f'" = -^(^.)a(PA> yonW^uilf., yo){F^n)\{K l/o) J] ^^+5™ (^^)^• (67) 

c=l 

where the identity 

3 

) i = ^ (^ ) j (68) 

c=l 
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has been used and the indices (d, /3) = {i, j) have been redefined. The quantities 
?7's are again the 't Hooft symbols, previously introduced. 

The amplitude in Eq. ( l67l) is the string result of the last term in the Lagrangian 
(HTil . It diff'ers from the corresponding one obtained in field theory because it 
depends on the whole field strength of the internal components of the gauge field 
instead of only the commutator. Furthermore, the field strength of the D9 gauge 
field is ten-dimensional and is computed at the point yo of the four-dimensional 
space where the D5 branes are located. 

In conclusion, we have shown that, by performing string disk calculations, we 
can uplift the six- dimensional Lagrangian in ( 134|) to contain the ten-dimensional 
fields of the gauge multiplet living on the D9 branes (and not just their reduction 
to six dimensions as obtained in the field theoretical approach). In practice, one 
obtains the same Lagrangian as in Eq. (HTj) . where now all the ten-dimensional 
fields are computed at yo with the last term in Eq. (HT]) that becomes: 

-'-wl{an',{Frnn)lw:^ • (69) 

The Lagrangian in Eq. fl4ip . with the modifications discussed above, will be used in 
the next section to compute the spectrum of the Kaluza-Klein states in the presence 
of a background magnetization in the six extra-dimensions. 



7 The Kaluza-Klein reduction 

After having determined the six- dimensional Lagrangian describing the interaction 
of the massless fields corresponding to the open strings D5/D9 with the gauge 
multiplets living respectively on the D5 and D9 branes, in this section we perform 
the Kaluza-Klein reduction of the six-dimensional Lagrangian to R^'^ x with a 
non-zero magnetization on the D9 branes and we show that the spectrum of states 
agrees with the one obtained from string theory in the field theory limit given in 
Sect. 12.31 Since we are interested only in the spectrum of Kaluza-Klein states, we 
can limit ourselves to the following part of the Lagrangian in Eq. (14T]) : 

-'^{y^cTaicrn^Fl^lix, yo)e'\w^Tu ■ (70) 

Let us consider the bosonic part of this Lagrangian that, after a partial integration, 
is equal to: 

y^y^i^^Tu (71) 
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where = . . . 3, i = 4, 5 and m, n = 6, 7, 8, 9 and the indices m, n are contracted 
with the flat metric. Furthermore: 



or' 



Jctjj 



(72) 



with o"™ = (— "^T^, I) and a"^ = {ir, In the following, we restrict ourselves 
to a six-dimensional compact manifold that is the product of three tori with 
a background magnetic field F = {F^^\ Fqj\ Fgg^) turned on only on the D9- 
branes. The three background magnetic fields must satisfy the constraint that the 
corresponding Chern class is an integer. For the sake of simplicity, we assume that 
the magnetic fields lie in the U{1) gauge group. This implies that they have the 
following form: 



27r/(i) 



"45 



(27rV«')2T. 



(1) 



7(9) 

67 



27rJ(2) 



(2) 



7(9) 
89 



27rJ(3) 



(3) 



(73) 



where I^^^ are three integers. We take the D5 branes unmagnetized. 

The extension to the case of magnetized D5-branes is easily obtained by writing 
J^^) = Jg^^ — Jg^"*, while the extension to a non abelian bundle is obtained by the 
substitution I ^ ^ where / is the first Chern-class and n is the wrapping number. 

Because of the background magnetizations the quantity appearing in the last 
term of Eq. (17T]) is equal to: 



^(9) 



(9) 



2i 



'67 + -^89 







p(9) p(9) 



(74) 



Furthermore, according to the notation of Ref. [12], we have: 

27r|/«| 



(T)(2« 



+ 1 



(75) 



By inserting Eqs. ( fMI) and (175|) in Eq. (!7T]) we get the following expression for the 
quadratic term involving the twisted field w: 



bos 



being A^(^) 



a(i)to(i) and 



47r|/«| 



{2Tx^a'YT 



N^^^5% + M%\e 



,7/3 



(76) 



27r 



(27rvV)2 



n(l) 



+ 



/(2) , /(3) 



n(2) 



n(3) 



v 



n(l) 





J(2) 



+ 



J(3) 



(77) 



*The identity matrix corresponds to the index 9, while the matrix a corresponds to the indices 



6,7, 
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The previous matrix is diagonal with eigenvalues given by: 



27r 



(27rVa')^ 



|/(i) 



Tr 



(1) 



/(2) j{3) 
+ 



(2) 



(3) 



(7J 



The massless state is obtained by choosing A^*^^^ = and imposing the constraint 



n{l) 



i ( + "IW ) ~ where the sign ± to be chosen depends on the sign of 



/(3) 



the round bracket. The corresponding wave function can be obtained by solving 



the Eq. a 



(1) 



Wr 



with suitable boundary conditions. These are given by the 



identification, up to a gauge transformation, of the fields under a translation on 
the torus [10]. The solution to this problem is provided in Ref. Therefore, 
we conclude that the wave-function is again a theta-function depending just on the 
moduli of the first torus. The general expression for the mass is then: 



27r 



(^(2iVW + l)± 



/(2) /(3) 
+ 



(2) 



Tr 



(3) 



(79) 



Let us now show that the spectrum of Kaluza-Klein states in Eq. fl79p agrees with 
the one obtained from string theory in Eqs. (12^ and f l24l) . In Eq. (1791) J^^^ and 
I^^^ can be both positive and negative. When they have opposite sign, the previous 
mass formula becomes: 



27r 



(27rVa')2 



Tr 



^-I{2NW + 1) ± 



|/(2)| |/(3)| 



T 



(2) 



Tr 



(3) 



^0) 



that is equal to Eq. 
get: 



On the other hand, when they have the same sign, we 
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{27iV^y 



T 



(1) 



(2Ar(i) + 1) ± 



|J(2)| |/(3)| 



T 



(2) 



+ 



T 



(3) 



^1) 



that is equal to Eq. ( 12^ . In conclusion, one obtains the string theory spectrum in 
the field theory limit. 

The Kaluza-Klein spectrum of the fermionic states is obtained by expanding the 
six dimensional fermionic field in terms of its internal wave-functions associated to 
the compact directions of the first torus. These latter are determined by solving 
the eigenvalue equation of the two dimensional Dirac-equation [10] : 



(82) 



Squaring the Dirac equation and using the six dimension F-matrices given in the 
Appendix lAj one easily arrives to write |12j : 



2nlW 



{2nVa'yT 



(1) 



r 



Vn 



^3) 
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Using Eq. (!75|) we see that we have again two towers of Kaluza-Klein fermionic 
states with masses: 




(2iv(i) + 1) ± 



(84) 



(1) 



(27rV«')2T2^ 



From the previous expression we see that, once we fix the sign of the first Chern- 
class, the spectrum contains two towers of fermionic Kaluza-Klein states having 
opposite internal two-dimensional chirality. Being the six-dimensional spinors also 
chiral spinors, we conclude that the two sets of states have also opposite four di- 
mensional chirality. This is exactly what happens in string theory and the previous 
expression coincides with the string result given in eq. f l7r|) . This agreement is 
another check on the correctness of the interaction term given in eq. ( 169|1 . 

8 Conclusions and outlook 

In this paper we have constructed the six-dimensional Lagrangian for the open 
strings D5/D9 interacting with the gauge multiplets living on the world- volumes 
of respectively the D5 and D9 branes. We have shown with an explicit calculation 
that, when we treat the fields of the gauge multiplet living on the D9 branes as six- 
dimensional, this Lagrangian is A/" = 1 supersymmetric. In order to check various 
couplings of this Lagrangian and to extend it to the case in which the fields of 
the gauge multiplet living on the D9 branes are treated as ten-dimensional, we 
construct the vertex operators corresponding to the massless states of our system 
D5 /D9 and we use them to compute three-point couplings. In this way we obtain a 
six-dimensional Lagrangian where the open strings D5/D5 and D5/D9 are treated 
as six- dimensional, while the open strings D9/D9 are treated as ten-dimensional. 
Finally, by introducing background magnetizations in the extra dimensions both on 
D5 and D9 branes, we compute the spectrum of the open strings attached with one 
end-point to a D5 and the other end-point to a D9 brane where the two D branes 
have different magnetizations. The spectrum of states completely agrees with that 
obtained in string theory in the field theory limit (a' — )■ 0). 

Actually, string theory requires that all states, including the open strings D5/D9 
and D5/D5, should be treated as ten-dimensional. We hope to be able to come back 
to this point in a future publication. 
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A Notations 



We start writing the various Lagrangians in four dimensions in terms of Weyl spinors 
t/'" and x° that are lowered or raised by means of the antisymmetric e tensor given 
by: 

'"'={-1 I) ' e"/5=(? "o^) ; e"%/3 = '^"/5 (85) 

Analogous formulas are valid for the dotted indices. 

We can define a Dirac spinor and a Majorana spinor in terms of two Weyl spinors 
as follows: 

^^={r) ' ^^^ = (^0 ^^^^ 

In the case of a Dirac spinor the two Weyl spinors are different, while in the case 
of Majorana spinor the two are one the complex conjugate of the other. 
The four-dimensional 7-matrices are given by: 

r=[^, ""o) ; ^' = ihr') ; cr^ = {l,-r^) (87) 

in terms of the two-dimensional Pauli matrices r* and the identity matrix. The 
previous notations are the same as those in Ref. [28] except that in their case 
(7° = —1, while in our case a° = 1. 

In order to go to from four to six dimensions we introduce the following repre- 
sentation of the six-dimensional gamma matrices in terms of the four-dimensional 
ones: 

^ = ^"^1 ; r^ = 75®zr^ ; r^ = 75®ir2 ; = 75 ® (88) 

where 

r7 = r°r^rW^r^ ; 75 = -«7V7V ; {t^,t^} = -2r]^^ (89) 

where we are using, in any space-time number of dimensions, the mostly plus metric 
(— , +,■■■, +). A chiral spinor in six dimensions satisfies the condition: 

(1 - bT,)C = (90) 

where is defined in Eq. flHHj) and ( has eight components. The most general 
solution of the previous equation is given by: 
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where 



1 + 67. 



/3 



&75 



/3 



(92) 



and 



C = C^ro=[cI®(i o)+cl®(o i)l(7°®i) 



= CiV®(l 0)+C2V®(0 l) = (^(i^) a^(i±f^)) (93) 

where a = ±1 and 6 = ±1. This means that in going from four to six dimensions the 
six-dimensional Lagrangian contains the parameters a and h. Using the previous 
formulas and the six-dimensional F-matrices given in Eqs. f l88|) we can compute: 



Cr'^D^C = P b^^M + ^al^D, - abD,] (3 . 



(94) 



In the final part of this Appendix we discuss the embedding of the six- dimensional 
Dirac matrices in the ten dimensional ones that will be useful for uplifting the 
fermions from six to ten dimensions. 

It is convenient to use the following representation of the ten-dimensional Dirac 
matrices in terms of the four dimensional 7-matrices and the Pauli matrices r: 





= 7°®I®I®I 




= 7^ 




' (g) I (g) I 




= 7]®!®!®! 


^6 


= 1' 




(g) -ir^ (g) I 




= 74®I®I®I 




= 1' 




(g) ir^ (g) I 




= 7|®I®I®I 




= 1' 




(g) (g) ir^ 


4 _ 


7^ ® ir^ (g) I (g) I 


^9 


= 1' 




(g) (g) ir^ 



They satisfy the ten-dimensional Clifford algebra: 



{r^, r^} = -2r] 



MN 



V 



MN 



+ ... 



(95) 



(96) 



They can be also conveniently expressed in terms of the six dimensional F-matrices 
introduced in Eq. ( 155]) as follows: 





- (6) 


(g>I§ 




P5 


- p5 


® I(g>I 




- pl 

- (6) 


® 1$ 


?)I 




- P"^ 

- (6) 


(g) -ir^ (g) I 




- (6) 


® 1$ 




P^ 


- P"^ 

- M6) 


(g) ir^ (g) I 


p3 


- P3 

- (6) 


(g>I§ 




P« 


- P'^ 

— -"^ (6) 


(g) (g) ir^ 


^4 


- (6) 


® I® I 


P9 


- 

- M6) 


(g) (g) ir^ 



where we have added an index 6 to the six dimens: 
them from the ten dimensional ones and 



t11 



P°, 



p9 = P,^ 



r 



P^ 



(97) 

onal P-matrices to distinguish 

(98) 



pO -pi 7^2 F3p4 p5 
J- (6) J- (6) J- (6) J- 6 J- (6) J- (6)- 
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The spinor A in A/" = 1 ten-dimensional SYM theory is Majorana-Weyl and therefore 
satisfies the Weyl-condition: 

' \ = I — — ^-^ ^— Ae 8) A4 = . (99) 



The Majorana condition, instead, is encoded in the constraint: 

e = B-'C (100) 

where B allows one to connect the ten-dimensional Dirac matrices with their com- 
plex conjugates \22\ : 



which implies B B* =1. In our ten-dimensional representation B is given by: 

B = cT'T^T^T' 

where c is an arbitrary constant such that |c| = 1. In this paper we take it to be 
±1. In the six-dimensional representation of the Dirac matrices B becomes: 

B = cr^ejlfg) ® iT2 ®ti=Bq® iT2 O n (101) 

with Bq being the operator that allows to connect the six-dimensional Dirac matrices 
with their conjugates. It satifies: Bq Bq = —I. 

We have now all the ingredients to decompose the ten-dimensional Majorana- 
Weyl spinor in terms of the six- dimensional components. It is given by the following 
expression: 

A = J)-(56^r®(?)®(?) 



oyvi/ vi/vo 



(102) 



where a = ±1 to be fixed later. It satisfies the Weyl condition in Eq. f l99|) . if 
and A* satisfy the two conditions: 

(1 + 6r^)^ = (1 - 6r^)A^ = . (103) 

It satisfies the Majorana condition A* = BX if the six-dimensional spinor A* satisfies 
the relation: 

BeA' = -ace^jiA^y ; ei2 = -1 (104) 

The spinor A is then given by: 

A = ® (1, 0) ® (1, 0) - (Be^fTl^) ® (0, 1) ® (0, 1) 

+ A2 ® (1, 0) (g) (0, 1) + caAi ® (0, 1) (g) (1, 0) (105) 
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where, in analogy with two-dimensional spinors (see Eq. ( I127P ). we are following the 
convention (A*)* = A* and lowering and rising indices through the antisymmetric 
tensor e. The same rule is adopted for the field in detail = which 

determines: 




(106) 



The ten dimensional spinors A and A will be used in Appendix [E] for the uplift from 
six to ten dimensions. 



B Magnetized D branes 

In Eq. dH]) of Sect. [2] we have given the mass spectrum of the open strings attached 
to two magnetized D branes in terms of the number operators. It is valid in the 
entire interval — | < t'r < |, but the explicit expression of the number operators is 
in general different for positive and negative values of (r = 1, 2, 3). In Sect. [2] we 
have given their form when < z/^ < |. Here we extend it to the case — | < z^r < 0. 

The interval — | < z^r < | is the natural range for the fermions in the NS sector 
and therefore, in this case, the number operator given in Eq. (jl]), for a; = 1 is valid 
in the entire interval — | < z/^ < |. This range is also natural according to the first 
equation in (E]). For the bosonic coordinate and for the R sector we have to change 
the number operators in Eqs. ([3]) and for x = as follows: 



n=0 



(107) 



and 



n=0 



Mt ,T,('-) 



:io8) 



We see that, in going from the interval < z/^ < | to the interval — | < z/^ < 0, we 
exchange the role of the oscillators a*^^) and a*^^-' and '^^^^ and '^'^'^^ in the R sector. 
This can be seen more directly by writing Eqs. ([3]) and f llOTp as follows: 



n=0 



and 



At) 



n=0 
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and analogously in the R sector. In the NS sector, as well as for the four-dimensional 
non-compact directions, instead nothing changes. 

In the second part of this Appendix we give the number operators for the second 
and third torus for the open strings D5/D9. They are given by: 



r=2,3 



n=0 



(n 



I (9)|X Mt (r) 



+ in + ^ + \^^\)-a^:]\ 



(111) 



for the bosonic coordinate, 



n=0 



[n 



(r) 



i_l„(9)| 



(r) 



(112) 



for the fermionic coordinate in the Ramond sector and 



+ 1^,(9) D^tM 



(r) 



(113) 



for the fermionic coordinate in the NS sector 

LIS 

instead — | < J^^l < we have the following expressions: 



The previous expressions fillip . f lll2p and f lll3p are valid if < u^l < |. If 



E 

n=0 



(n + ^ + |z.f |)a(^)\ 



l_l„(9)| 



and for the Ramond sector: 



n=0 



(r) 



1 , 



+ (n + ^-|z/(9)|)^(^)\ 



(r) 



while for the NS sector we have: 

oo 



+ n 
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C Uplift from four to six for the strings 55 



We start from the Lagrangian of TV" = 4 super Yang-Mills in four dimensions given 
in the Af = 1 superfield formalism by: 



+2TrQ J (feW^Wa^ J (Pew^w^ 



5£D - I {an! 



where V is the vector superfield in the Wess-Zumino gauge: 

Wa is its superfield strength: 
Wc,{x,e) = -iXa + 
and the $j's are three chiral superfields given by: 

Any of the previous fields that we denote collectively by is a matrix: 

A,B^1...N^ 



^^^^{T^)l ; Tt{T^T^) = -Sab 

where are the matrices of U{N) in the fundamental representation. 
In terms of the component fields the previous Lagrangian is equal to: 



(114) 



(115) 



(116) 



:il7) 



(118) 



La = 2Tr 



-\f>^''F,, - iXa^D.X + \Y. ((^^^+5)' + ^9Dc+,Vcmn[A^. A^]) 



c=l 



+ {-{D^Ai)\D^Ai) - m^D^il^i) + + F3F3 - gD^[A^,A^] 



i=l 



+ 1 V2g (F2[A3, A,] + F^[A,, A2] + F^lA^, A,] + Fs[A,, ^]) 
3 

- V2ig J2 (C[Aa, A,] + ^,^[A", A,]) 
1=1 

where we have introduced a triplet of auxiliary fields Dc+5 with c— 1, 2, 3: 



Ds = -D ; iF,: 
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V2 



(119) 



(120) 



the real fields Ajn{m — 6, 7, 8, 9) given by: 

Ae + iA-j 



A. 



A. 



:i21) 



and the 't Hooft symbols: 

where m, n = 6, 7, 8, 9, c = 6, 7, 8 and eergg = 1- 

In the following we split the previous Lagrangian in a part Li, corresponding 
to A/" = 2 super Yang-Mills, and in a part L2, corresponding to its interaction with 
an hypermultiplet in the adjoint, we write them in a formalism where the SU{2) 
R-invariance is manifest and finally we uplift them to six dimensions. 
The Lagrangian corresponding to M — 2 super Yang- Mills is given by : 
- _ 3 5 



2A^<^+^ 2 

c=l i=A 



s/2ig (V^nAa,A] + V'id[A",Ai]) 



where we have redefined one of the three auxiliary fields: 

P,+5 = i^c+5 /ore =1,2 ; V^^D^-gi 
and we have introduced the following fields A4 and A5: 



^1 = 



A4 - ihAr, 



Ai + ihAr, 



(123) 
(124) 
(125) 



V2 ' " y/2 

where we have written the complex scalar field Ai belonging to the first chiral 
multiplet in terms of the two real scalar fields A^ and A^ that in the uplift from 
four to six dimensions will provide the extra two components of the six- dimensional 
gauge field. The presence of the phases a = ±1 and 6 = ±1 will be become clear 
later on. 

The Lagrangian corresponding to the interaction with an hypermultiplet is given 

by: 

" . 3 3 

'-g I5c+5W[^", + 5^(-(i^M,)Hi^^A) - li'^a^D^^l^i + F^Fi) 



2Tr 

h 



c=l 



- -g^[A,,A,]r^^^^[A"^,A-] 

+ iV2g (F2[^, A] + F^[A^,A2] + Af^, A] + M) 

+ %V2g (V-nV-Sa, A2] + V"[A, ^2a] + ^^[i^2a, ^i] 

+ V^ic^fV^?, ^2] + Aa[^Z. 41 + Vi3d[4", ^1]) 

3 

- y/2ig (C[Aa, A] + V'idlA", A]) 



(126) 
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Let us now write the two Lagrangians in a way that the SU{2) R-symmetry is 
manifest. Let us introduce the following SU{2) doublets [29] : 



1 ^ai 



— Aq 



A? 



A" 



A" 



A" 

V5f 



(127) 



In order to show the consistency of the previous equations we have to use the 
following convention: 



A, 



where 



1 
-1 



-1 

1 



:i28) 



(129) 



It is easy to see that, using the first equation in Eq. fll28p . one can show that the 
last two equations in f ll27p are consistent. The consistency of the first two equations 
in Eq. f ll27p can be shown using the last equation in fll28p . 

Using the previous formulas we can rewrite Eq. f ll23p as follows 



Li 



2Tr 



-\f^''F,^ - i^(DM,)t(D,A,) + ^[A,,A, 



i=4 



iKa^D.X + Vl, + (AfK, A,] + A„aA"^ A,]) 



c=l 



(130) 



where now the invariance under SU{2) is manifest. 
Introducing the following SU{2) doublets: 

^3 
A2 



(131) 



e'^Z2 = A2 
e^'Z, = -A, 



(132) 



; Z, = {Zy = {A3,A2) 

together with 

Z, = [euZ^ = -A2, e2iZ' = A3) ; Z^ = 

and eliminating the auxiliary fields F2 and F3, we can write Eq. fll26p as follows: 

L2 = 2Ti[-{D^'Zy{D^Z')-ii,2a^D^^2-i^z(^^D^il,:, 
3 3 
+ gZ, Y.^V,+^^%Z^ - gZ, Y.^V,+^^%Z= 

c=l c=l 

+ g^ ([A4, ZJ[A4, Z^] + [As, Z,][A,, Z']) 

+ iV2g (A°*[^3a, Z%, - AnV'2a, Z,Y^ - Z,Y^ - A^[V^2", Z%, 

+ ^|Jt[^|^2a.Ar]+i^^S^^M)] (133) 
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that is manifestly SU{2) invariant. In deriving the previous equation we have used 
the following identity: 



Tr 



c=l 



:Tr 



c=l 



c=l 



that follows from Eqs. fll2ip and (I13ip . The next step is to write both Eq.s. f llSOp 
and f ll33p using four-dimensional Dirac fermions: 



We get 



2a 



a I 1 



Vi= ( -K )(134) 



Li = 2Tr 



11^ 2 



i=4 



c=3 



(135) 



and 



2Tr 



+(72 ([A4, Z,][A4, Z'] + Z,][A5, Z*]) + gZ, Y,{T^c+r>r%Z^ 



c=l 



Y,iV,^,T%Z^ - il i^D^C + gab[A„ + jM^,, ^]) 



c=l 



- V2g ([e, Z^]e,,75r/^ + Va^l^, Z,Y^) 



(136) 



We are now ready to uplift the two previous Lagrangians to six dimensions by 
introducing the two six- dimensional chiral spinors: 



(1 - 6r7)A^ = ; A 

and 

(l-6^r7)^ = ; ^ = 
Eq. f ll35p becomes: 

Lm=2sYM = 2Tr 



1 + ^75 i 

2 



- 1-675 ^- 1+^75 



) (137) 



(1+6*75 1 \ _ _ 



c=3 



2 - 
'c+5 - 2" 



(139) 
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while Eq. (I136p becomes: 



2Tr 



-{Di:,Z'^)\Di,Z') + gZ, J^i'^c+^rJ^Z^ - gZ, J^i'^c+^r^Z^ 

c=l c=l 

- i^Ti'Df,^ + iV2gb{[^,Z%,A'-A,[^,Zj]e'^)j (140) 

where p, = (/i,4,5). The previous equations have been obtained by imposing that: 

aif, = —a ; hi^, = —h (141) 
This means that the two chiral spinors in six dimensions have opposite chirahty. 
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An M = 2 hypermultiplet consists of two M = 1 chiral superfields Ri and R2 
coupled to the gauge superfield V and with a very special superpotential. Its 
Lagrangian is given by: 



■'hyper 



+V2g 



J d^eR,,^\R\ + j d'eRU^*)\Rf 



where 



Ri = Zi + V2eipi + e^Gi ; $ = + V29iP + O^F 



(142) 



(143) 



Here * stands for a complex conjugation and the superfield $ has to be identified 
with $1 of the previous section. In terms of the component fields the first two terms 
of Eq. f ll42p are equal to: 



+ [-{D^z,UD,z,r + G2aGT - tiJ^cr^iD^tfj^r] + 9 {zlaD\z\ - z^aD^z*') 
+iV2g {zl^\\i^\ + Z2a{\rM - ^U>^)\z\ - ^P2a{\)\zt) (144) 

where the covariant derivatives are given by 

{D^z,r = d,zl + ig{A^)\z\ ■ {D^zir = {d.zir + ig{A^)\{zlf (145) 



{D,zl)a = {d,zl)a - i9{AX{zl\ = {d,zl), - ^g{A,)\{zl\ 



(146) 



36 



'2b 



(147) 



:i48) 



with 



{A,)\ ^ {T^TbA^ ■: {<l>)\ ^ (T^)V^ ; {<Prt ^ {T^)\m^ (149) 
We can now write the superpotential in terms of the component fields. We get: 



V2g 



\a *b 



We want to rewrite the previous Lagrangian in a way where the SU{2) R symmetry 
is manifest. We introduce the following SU{2) doublets [29]: 



= { Wi W2) = { -iz2 zl ) 



w 

2 

w 



(151) 



The index i is raised or lowered by the antisymmetric tensor e given in Eq. fll29p . 
The complex variables w^w are not independent, but satisfy the relation: 



The previous relations imply: 

-W] = (Wn)* 



[w 



= Wo 



[w 



2\* 



(152) 



(153) 



In terms of the previous doublets for the scalar fields and of those connected with 
the gauginos given in Eq. ( 1127p . the total Lagrangian, that is the sum of Eqs. (I144p 
and f ll50p . can be written in the following equivalent forms: 



+5W 



a-3 



c=l 



-V2g G, 



Wb 



W^^ + Wi. 



(0)^ 







L*\a 



G^M (154) 



The equations of motion for the auxiliary fields G and G are: 



G'"" + V2g 



Gia + V2gwjb 









(0)^ 

(0)'a 
(0*)^ 



W 



= 



(155) 
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Inserting them in Eq. (1154p we get: 



■'hyper 



w 



bj 



c=l 



+ <7Va({0, 0*}) V* + g^W^air^ym, 0*])>- 



(156) 



Using the redefinition of the auxihary fields given in Eq. f ll24p we can rewrite the 
previous Lagrangian as follows: 



w 



bj 



c=l 



gV2{ij^J\ijl + ij^^a<P*1iji') 

V2zg [((^i^).(A"r, + ^(^2")a(AL)%) e,,w^ 



(157) 



where 



{D^wT = d^w''' + tg{A^)W ; {D^Wi)^ = d^w.a - tgiA^Yaw', (158) 



Using the notations given in Appendix|A]we can write the previous four- dimensional 
Lagrangian in terms of Dirac spinors. One gets: 



■'hyper 



w 



bj 



c=l 



^{D,)\ + V2g (r,^^ - (0*)%^-^ 



(159) 



where in the first line we have written what is in the first and last line of Eq. fll56p . 
The Dirac field ip is defined in terms of the Weyl fields by: 



la 
a 
2 



(160) 



and the covariant derivative is given by: 

{D^'i|Jr = ^^r + ^g{A^)\'^'' (161) 
It remains now to rewrite the last two lines of Eq. fll59p in six- dimensional notations. 
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This can be done by introducing the following six- dimensional Weyl spinor: 

(1 - h,V,)^^ = ; /i = f ) ; /i = ^^^T^ = ( ^'-^ a,^'-±^ )(162) 

If the following conditions are satisfied 

a^ = -a ; = -b (163) 
we can uplift the previous Lagrangian to the following six-dimensional one: 

3 
c=l 

- ^^^aT^{D^^^Y + V2gib [jia{^Tht.,,w^' + w,at'' (164) 
where /i and A are six- dimensional Weyl spinors with opposite chirality. 

E Uplift from six to ten dimensions for the strings 
99 

In this Appendix we uplift the Lagrangian in Eq. ( l42l) to ten dimensions. 

The uplift of the purely bosonic part is easy if we observe that the term with 
the double commutator can be written as follows: 

7^2 3 ~2 



c=l m,n 

that can be uplifted to ten dimensions to become: 

f i„]2 =^ (166) 



4 "J 4 

m,n 

Then it is easy to see that together with the two other purely bosonic terms gives 
rise to the Lagrangian of pure Yang-Mills theory in ten dimensions: 

= -^FmnFmn + fermions (167) 



In the following we want to uplift the terms with the fermions present in Eq. fl42|) . 
It is easier to start from the ten dimensional expression that is given by: 

- zTr {XT^'^DmX) (168) 
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and use in it the representation for the ten dimensional spinors given in Eqs. (11021) 
and ffTOSD . For M = ... 5 we get 



2iTr (^^Tf'Df,^ + ^A^r^D^A' 



(169) 



while for the other four components we get respectively: 

- iTr (Ar^DgA) = -2b[c*a^DeA^ -caAiDe'^] 
-iTr {XT^DjX) = -2bi [c*a^D7A^ + caAiZ^y^] 

-iTr {\T^DgX) = -2ib DgA"^ + A2Dg^] 
In deriving the previous equations we have used the following relations: 



(170) 



(r 



\T _-pO 
(6) J --L(6) 



pOt _ pO . pit 

^ (6) - (6) ' (6) 



pi . pAt pO _ pO pA 

(6) ' (6)-^ (6) - -L (6)-L (6) 



(171) 



The terms in Eq. 0169^ reproduce the kinetic terms of the fermions in Eq. (l42l) . 
while the four terms in the previous equation reproduce the Yukawa terms in the 
last line of Eq. (H2l) provided that we make the following identifications: 

(172) 



c*a {Aq + iA^) = V2A2 ; As + iAg = V2A3 



with ac* = 1. A2 and A^ are connected to the variables and Zi through Eqs. 

dm]). 

In conclusion, if we start from the following ten dimensional Lagrangian: 



Lio — 2Tr I —-rMN 



- p TT^MN \pM n \ 



(173) 



we reproduce the six- dimensional Lagrangian in Eq. ( H2|) . 



F A/^ = 1 supersymmetry transformations 

In this appendix we prove that the following six dimensional actions: 



c=l 



for the gauge sector living on the D5 branes, and 



Sr, 



(174) 



e'^{Di,w,),{D^w,r - ifXaT^iDi^fir - ^(r^)*^.(:D,+2)\w^^' 



c=l 



+ V2gib {MATMw^f + {w,)ae'^{A,ry) 



;i75) 
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for the twisted matter, are invariant under the following M = 1 supersymmetry 
transformations: 



5K^ = }-T^-Fi,,e' + iV'^e^ . = -e.F^.^r'^^ - ^e^^, (176) 



and: 



dw'"' = -V2b e'^ tj jj," ; 6wia = -V2b jiaf^ij e-' 
5/i'^ = -zv^6rVe,,p^«;^y ; = -^^2 6 (D^M;,),e^\r'^ (177) 

where ■ = V^t^Yj and Tf"^ = |[r'^,r% 

Before showing the supersymmetry of the previous actions let us discuss some 
properties of the parameter of the supersymmetry transformation e*. It is a chiral 
fermion with the same chirality of the gaugino. This property follows from the 
requirement that, if the gaugino is a chiral fermion, also its supersymmetry variation 
must be a chiral fermion. This means that: 

. , (i^) A- . lf,r- (i^) e' . (1^) , (178) 
which implies: 

^"^^^\^ = (179) 

that is the same chirality condition imposed on the A*. For the same reason as 
before it must also satisfy the relation (11041) as the gaugino. We get in fact: 

= 5 {BeA' + ace,,(A^r) = ^F^,{Tn* {Bee' + ace,,(e^)*) 

+iV) {Bee^ + acejkie")*) (180) 

that implies 

Bee' = -aceij{e^y (181) 
In deriving Eq. fll80p we have used the transformation properties of A*: 

<5(AT = ^Ff,,{rn*{er - iV^ie^y (182) 
where we have used that V'^ = T> which implies {T>*Y ■ = V-'-, the relation: 

BeT^"^ = {Tf'yBe (183) 
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which is vahd because in our representation of the Dirac matrices F^'^ are purely 
imaginary, while the other F-matrices are real, and the identity: 



c\m, li 



;i84) 



Let us now start by analysing the susy-invariance of the gauge action in Eq. fll74p . 
The invariance under the supersymmetry transformations of the action in Eq. (11 74^ 
without the auxiliary field has been shown in Ref. [21] [f] . Here we consider only 
the additional contribution given by the presence of the auxiliary fields. We get the 
following extra contributions to the variation of the action in Eq. fll74p : 



SS. 



D 



2 / rf^xTr 



+V^6V''] = 2 / d^xTi 



-9^ (A.F'^Z^y^) 



:i85) 



that is a total derivative. This implies that the action in Eq. fll74p is invariant 
under the supersymmetry transformations in Eq. (11760 . In the last step in Eq. 
(1185P we have used the supersymmetry transformation of the auxiliary field in Eq. 

Let us consider now the matter sector that is described by the following La- 
grangian: 



£59 = e''{Df,w,)a{D^wjr-tfiaT^{Df,fir-gw,,Y.(^yj('^-+^^^ 



c=l 



;i86) 



Let us start evaluating the variation of the various terms present in the previous 
Lagrangian. The variation of the kinetic term for the scalars is given by: 

= ^-w,a (e^F^A^- - A.F^e^); (D^^t - f (^r^A^' - A,FV)>^^ 

+V2h {Df,fi)ae'e,,{D^wT - V2b {Df,w,)ae''e,{D^fir (187) 



^See also Section 9 of Ref. 25 for more details. 
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while the variation of the kinetic term for the fermions is equal to: 



-v^69^ {w,at'%'^K V\D,iiY\ + v^69,, [/x,eV,,(D''«;^r] (188 

where \Df,, Dp] = igFf^p. Summing the two previous variations we see that the two 
last terms in Eq. ( I187p cancel with two equal terms in Eq. f ll88p and we get: 

-^/i,r^Ve,,(F^,)>^" + ^/i,r^ (e.r'^A* - A.r'^e*)^^ 
-\f2bdi, [w,JH^^ ^%Dp^iY] + 7269^ [/i,eVi,(D^«;^r] (189) 
The variation of the Yukawa couplings is equal to 

V2gib5 [jiMrM^'f + («^.)ae*-'(A,)>T 

-V2gbji,{V'^)\e^e,kW^' - 2z(?/i, {{P^)\e, - e\K,)\) / 

--^w,,e'^-e,T^\Ff,o)\^l' + V2 gbwiae'%{V\)\^' 

+2 g w,ae'KhW^'^kh{Df.w^Y (190) 
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The first and the last term of the previous expression can be written as: 

2g [{Df,w,U^%V^ {X^)\e^kw''' + w,ae'\^i)\T^e\h^^^ 



2^? 



kb 



W 



+^,4 (e''(A,)'^,r^e^,fc - e^r^ (A') V/.fe) {Dp 



Mb 



kb 



W 



+ 2-9^ [V'' (efcr^(AT, + {Ak)\Tf^e') e.^w'^'] (191) 
Using the following identities which are proved at the end of this section: 

eiF^A'^ - AiF'^e'^ = 5f i (e^r^A-'' - AjTV) ; tiT^A' + AiT'^e' = (192) 
we can write the variation of the Yukawa couplings as follows: 

V2gtb5 [/i,(Ar,e,,(u;^y + (ix;,),e^^(A,)>''] = +V2gbw,ae%iV\)\f,' 
-V2gbfiaiVy)\e^e,kW>'' + |(/^A«^j)a (e^r'^ (A^); - (A^r.F'^e^) w^' 
-|%, (e,r'^ {A')\ - (A,)'^,r^e^) {Dp^w^f + ighjia {a^{Ay,e, - a*JiAi)\) / 
-gw,a {e^'Dp,CA^TbTl'e\hk + e^\-,r'^D^ (A") V^) 



w 



hb 



6 



igh_ 

+5^^ [^,„e^'^ (efer^(AT, + {AuTbT^e') eii.w^''] (193) 

Summing Eqs. (I189p and f ll93p . we see that the first four terms of Eq. f ll89p cancel 
with the corresponding terms in Eq. f ll93p and we get: 

= '-gfiaTf. (e.r'^A^ - A.T^e^fi" - 2zgfia ((AT,e. - e^A,)'^,) f,' 

-V2gbfia{V'^)\eh,kw'' + V2gbw,ae%{V\)\fi' 
-gw.ae'' {Df.iAirbTi^e'^ + e.E'^Z}^ (A'^);) e.^w'' 

+gdf, [w.ae''' {ekT^iATb + {AkTbrf^e') Qfc^T (194) 

The last term of the action to consider is the variation of the term with the auxiliary 
fields given by: 

-gS [wWD'^rbW^'] = +V2gbJiatikt\V'j)\w^' + V2gbw,,{V' ^)\e=H,ii' 



(195) 
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Using the identity in Eq. 12.21 of Ref. [33] 

\{rl\{rl', = - = {5}Sl - 5^,5]) + ^5'^,5] = e^^e,, + \5l5] (196) 

the last term of eq. fll95p becomes: 
1 



2 v")\(r^)^-^A (A^r^e' + e^r'^A')>^'' 



The first term of the previous equation cancels the fourth line of Eq. fll94p . while 
the second term of Eq. fll97p is zero according to the second identity written in 
Eq.( ll92p . Using Eq. f ll84p we can write the first two terms of eq. f ll95p as follows: 



kb 



-V2gbw,ae%{D\rbfi' (198) 

These two terms cancel the terms in the third line of Eq. fll94p . 

In the last part of this Appendix we first prove the identities written in Eq. 
f ll92p and finally that the second line of Eq. f ll94p is identically zero. 

The starting point to prove the Eq.s fll92p is the identity: 

- pAi...An^i _ -e^^^^gF'^i-An^i = _(_)i:;Li('5A.o+i)g.5*r^^'-^"56A^' 

where we have denoted with pTMi---/^" ^.j^g completely antisymmetrized product of 
the transposed Dirac-matrices and used the identity BqT'^Bq^ = T'^* together with: 

pA"!" — (^_~)'5^o+ipA pA* — (^_^<5Ao+ipA^ (199) 

Furthermore, observing that T^B^ = B^T^^ and using, both for the gaugino end 
the susy parameters, the Eq.s (!33|) and f llSip we get: 

g^pAi-Aan^i _ (-)"-ie,fee-'%r'^i-'^2"+^e^' (200) 

with n = ... 4. Along the same lines we can prove an analogous relation where 
the role of the gaugino and susy parameters are exchanged. Eq.s fll92p can be easily 
derived by considering the case n = of the first of the two previous identities. 

Let us now consider the following Fierz identity valid for two generic six-dimensional 
spinors, here denoted with x and ip, having the same chirality [30j : 



^""XB = -\ [xT'^) + 1 {xT^'~^^) T,,,\ (201) 
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This identity allow us to write: 



(202) 



where we have used the condition Tr[r^r^^^] = 0, and 



(203) 



Subtracting Eq.s (12021) and (I203p and using the first identity in Eg. (12001) with n = 
and n = 1, we get: 

p.AA'^Bfi'' - XAe'%Bx'' = -{^ry){A^r'e') (204) 

which prove the vanishing of the second line of Eq. (I194p . 



G Calculation of correlators 

In this Appendix we compute in detail various three-point functions in order to 
check some of the terms of the Lagrangians written in Sect. ([3]). 

Two fermions in the adjoint and a gauge field 

The first amplitude that we consider is the one involving two fermions in the 
adjoint representation of the gauge group t/(A^5) and the gauge field A^^^: 

=cJ IIk^i(v|-f' (.,) V^H.,) Vi-f '(.,)) (205) 



where Cq is defined after eq. fl65l) and: 

_ dxgdxbdxc _ _ C206) 

•^ab-^ac-^bc 

The amplitude (I205P can easily be computed using for the fields \E'^^'' and the 
vertex operators defined in sec. |5.1j and observing that the vertex for ^^^^ is given 
by the Eq.( \5^ with \E'" replaced by the doublet given in the Eq. (I106p . This 
latter definition follows from the observation that, in our conventions, the complex- 
conjugation of the SU{2) doublets doesn't change the four dimensional chirality 
associated to the compact directions transverse to the D5-brane and, being the ten- 
dimensional chirality fixed by the GSO, it doesn't change also the six dimensional 
one. It follows, that the spin fields associated to the vertex must have the same 
chirality as the ones associated to the field . 
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The result is: 

^^(.)^(^..(. ^ ^2^2,5 {p){Af)\{k) (g)[xi,a:,3X23] 

^ ^gjv'27ra'p-X(a:i)gj\/27ra'A;-X(z2)gi\/27ra'g-X(x3)^ 

(207) 

Using the following correlators [27tl3T]: 

(5A(a:i)V^'^(x2)5B(x3)) = -^^{W)ABX-,^'\-,i"x-^i'^ 

and taking into account that the correlator involving the bosonic coordinate x gives 
1 because the momentum is conserved and the three states are massless, we get B 



{^^)ab oil 



= -2g,TT[¥'^-{p)Af\k)T^^,^¥^\q)] = 2g,Tr[^{p)Af {k)Tfi,^¥'^] (208) 

where we have introduced the six dimensional Weyl-spinors and Dirac matrices so 
defined 



vI;(5)B/3 \ / 

' I S^^ 



being and S'^ 4 x 4 matrices satisfying the anticommutation algebra {S'^, S*^} = 
—2rj^'^ and A,B = 1, ... 4. Notice that the representation of Dirac matrices which 
we are using in this section differs from the one adopted in the field theory calcula- 
tion of the effective action of our system. However, this difference will not generate 
any confusion because the final expression of the string amplitudes will be always 
written in a form which is independent of the chosen representation of the Dirac 
matrices. 

Eq. (I208P reproduces the correct coupling of two adjoint fermions with a gauge 
field, written for example in Eq. ( l32l) . 



A twisted scalar, a twisted fermion and a D5 gaugino 

The next string amplitude which we are going to consider is the one involving 
the interaction between a twisted scalar, a twisted fermion and the gaugino of the 
gauge theory living on the D5-brane: 

^M(^). ^cof < V,'^^ix,)V;^i^^ix,)V^'\x,) > (209) 



^Here and in the following we omit writing the delta-function of momentum conservation. 
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We need to compute: 

X < S\xi)S^(x2) >< S^{X2)S^(X3) >< A(x2)A(xs) > 
^ ^ ^iV2na'piiX^ (xi) gi V27ra'fe^xA {x2 ) gi V27ra'?^xA (3:3) ^ 

Using the following correlators: 



0(a;3) 



> 



(210) 



< S^{xi)Ss{x3) >r 



1 



A1+A2-A3 A1+A3-A2 A2+A3-A1 



X 



12 



X 



13 



(211) 



23 



where Ai = A3 = | is the conformal dimension of e 2"^^^^ and A2 = | is the 
conformal dimension of e~'^^^\ we get 

A^^- = V2^5^ k(p) (A^'^T. 



A twisted scalair, a twisted fermion and a D9 gaugino 

It is also enlightening to repeat the previous calculation in the case of the gaugino 
living in the world-volume of the I?9-brane. The result is: 

A''^'''- -Cojf[^< V^''\x,)VMx2)Vl\x,) > 
1=1 

where yj^ is the position of the D5 in the last two tori and we have used the 
correlator: 

(A(a:i)e^'='^^'"A(:r3)) = xr2""''='"'='"x-'/'+"°'*^-'^'"x27"''='"'='"e^'='"2'o- (212) 

that is consistent with the general formula for the correlator of three operators 
A,B,C with conformal dimension A^, A^, Ac respectively: 

{A{x,)Bix2)C{xs)) = A.+A.-A. A.+L-A. A.+A.-A. (213) 

•^12 -^13 -^23 

Remember that in our case A^ = Ac = | and A^ = Tra'k^k'^- By performing the 
Fourier transformations along the compact momenta, according to the relation: 

A^^^'ik^, yo) = Yl A^^^'ikf", k'^)e'^^y^ (214) 
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we get: 



-V2g,i^l{p) (A(9)^(fc^ y,))\e.,{wrM) (215) 



Finally by observing that (^qA^^^q = (^gA^^g we reproduce, from a string calculus, 
the interaction term written in the fourth line of Eq. (HTll 

Two twisted scalars and a D9 gauge field 

The last amplitude that we consider is the three-point correlator involving the 
gauge field living on the ten dimensional world-volume of the and two twisted 
scalar fields living on the six-dimensional world-volume of the D5 brane. 



- ,1(9) 

lUiAv/ui ^ 



ri|=i^/T/(-i 



{Vt'\x,)V^hx,)Vi-'\x,)) 



dV 



(216) 



Using the vertex operators introduced in Sect. |5]) we have to compute the following 
quantity: 



X 



(^A^^e-V^^«'^^') (S3)) 

(217) 



= g9^ — Kaip) A\fb{k) wl^{q) (X12X13X23) X C'^'^P 

We start with the gauge polarization M = ft. In this case the previous correlator 
reduces to 



•^13 ^ -^12 -^13 -^23 -^13 ^ 



X X 



2na'pf,kf' ^2na'pf,qf' ^2-Ka'kf,qf' 



12 



13 



X. 



23 



a;i2 a;23 



(218) 



We can rewrite Eq. (12181) as follows 



X X 



-2+Tva'kmk"^+2TTa'pf,qf^ -7ra'fc„/c'"+27ra'%i} 



13 



X 



23 



3^12 3^23 



- + 

a;i2a^i33;23 2:13X23 



(219) 
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where we have used the momentum conservation pp, + Qfi + kf^ = that imphes, 
together with the mass shell conditions PfiP'^ = q/iq'^ = 0, the following conditions: 
2a'pjxq^ = —2a'pfi,k'^ = —2a'qfik'^ = a'kj^k'^. We have also used the mass-shell con- 
dition for the vector field: kf^k^ + kmk"^ = 0. Notice that the piece proportional to 
kfi does not have the right dependence on the Koba-Nielsen variables and therefore 
it must be cancelled out in the final result. 

We now consider the polarization of the vector field to be M = m. In this case 
the amplitude written in Eq. f l217p is the sum of two pieces. The first one is 

= (e-^i-i) e-^(-3)^ ^^(3;^) Q^m^^^yV2^k^X-(x2) (S°(Xi)5^(x3)) 

iyW/c'^e'^'^^o' (Xi2 + X32) -1/2 a$ 2TTa'pf,k^ 2iT(x'pi,qi^ 27Ta'kf,qf' 



^13 1 /2-7rn.'fc™ i.™ Wi.___i.m_Li ^13 ^ ^12 ^13 ^23 



V ZiUj-^2^ 13 

iV vra'/c'^e*''™^™ (xi2 + X32)e"^ 



V2Xi2xl^X23 



(220) 



The only correlator that needs some explanation is the one containing the twist 
fields and that is equal to: 



V^"''12 "''13 "''23 



in order to get the proper conformal dependence of the total correlator. There are 
several reasons why we think that this choice is the correct one. If we assume the 
correlator in Eq. (1212^ . then the previous one can be obtained from it by taking 
the derivative with respect to X2 of Eq. (I212p . The operator QX"'e^^'^'^°''^"'^"' is not 
a good conformal operator, but the operator AudX^e^^'^'^"''''''''^^' with Ajy-fk^^ = 
is a good conformal operator and therefore, when used in a correlator, one must 
obtain the proper dependence on the Koba-Nielsen variables. The choice in Eq. 
(122 ip is symmetric under the exchange of 1 and 3. 
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The second one is 



X (^A^^e-V^^'^^^J (xg)) 



13 ^ -^12 



e A Xy^ J-23 



13 



X 



23 



X 



2 



12 



13 



X 



23 



--y2^fc„ (a"")^^xr2^xr3^X23^ 



(222) 



where we have again used the momentum conservation and the mass shell condi- 
tions. 

The final result is the sum of the three contributions in Eqs. f l219p . fl220p and 
(1222|) that is equal to: 



- ^(9) 



2 1 g^wlSp)wUq)e'^'-y^ (xi2 X13 X23 



i- 



\X12X13X23 a;;^3X23 



f X12 - X23 \ 

V 2x12X13X23/ 



(^nm^d/3 j 



2X12X13X23 



I 



(223) 



It can be checked that the previous expression is gauge invariant. In fact, if we 
make the substitutions: 



Aji ^ kp, , ^ kn 



(224) 



it is easy to check that the last term in Eq. fl223p vanishes, while the term between 
square brackets becomes: 



(- 



\X12X13X23 Xi^X23 



+ ] +k k^( m^I^] 

/ V^a^i2a^i3a;23/ 



(225) 



Using the mass shell condition kj^k'^ + kmk'^ = and /c^p'^ = —\kj^k^ we can rewrite 
the previous equation as follows: 



kfik^ 



1 



_^ X12 — X23 

2x12X13X23 3^133^23 2x12x^3X23 



kfik^ 



+ 



1 



2x12X13X23 ' 2x^3X23 2x13X12 



h. Ufi ~^13 + 3^12 + X23 _ p. 

2xf3X23a;i2 



(226) 
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that proves the gauge invariance of the correlator. 
Using the condition: 



we can rewrite Eq. (12231) as follows: 

^^A^> = ^wlMwliq)e''-y^ [e'''iAfUk)ipf^ - - {At^)\{k)kn{a''"'f' 

that has the correct dependence on the Koba-Nielsen variables. Finally, by per- 
forming the Fourier transformation as shown after Eq. fl213p . we get an amplitude 
which is evaluated at the position of the D5-brane in the last two tori : 

The previous calculation can be easily extended to the interaction of two twisted 
scalars with the gauge field living in the world-volume of the D5-brane. Since the 
vertex of the gauge field A^^"* depends only on the six dimensional momentum, one 
has that the corresponding amplitude contains only one term which is equal and 
opposite in sign, due to the different ordering of the twisted fields, to the one in 
Eq. (I219p taken at /c^ = 0. Using the trasversality condition k'^A^^ = we arrive 
at the following expression: 



e 



which is in agreement with the one obtained from the kinetic term of the twisted 
scalar in the field theoretical approach. 
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